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We study the dynamics near ﬁnite-time singularities of ﬂat isotropic universes ﬁlled with two interacting
but otherwise arbitrary perfect ﬂuids. The overall dynamical picture reveals a variety of asymptotic solu-
tions valid locally around the spacetime singularity. We ﬁnd the attractor of all solutions with standard
decay, and for ‘phantom’ matter asymptotically at early times. We give a number of special asymptotic
solutions describing universes collapsing to zero size and others ending at a big rip singularity. We also
ﬁnd a very complicated singularity corresponding to a logarithmic branch point that resembles a cyclic
universe, and give an asymptotic local series representation of the general solution in the neighborhood
of inﬁnity.
© 2012 Elsevier B.V. All rights reserved.1. Introduction
Fluid matter with all its ramiﬁcations has always played a key
role in discussions of cosmological singularities. In studies of the
genericity of quasi-isotropic solutions [1], in studies of the struc-
ture and nature of the singularity and energy conditions [2], in
the construction of the general isotropic singularity [3], in the sin-
gularity problem of inﬂationary cosmology [4], or in more recent
attempts towards formulating the cosmological singularity in string
and brane theory [5], one sees different manifestations of the ‘na-
ture abhors a vacuum’ principle, i.e., using suitable ‘ﬂuids’ to model
the universe in its most extreme states.
In recent years there have been an increasing number of works
devoted to analyzing diverse problems in situations involving more
than one cosmological ﬂuids that show a mutual interaction and
the associated exchange of energy. Studies have been focused on
a number of issues, for example a covariant description of the in-
teraction [6], scaling solutions [7], perturbations [8], duality and
symmetry transformations to obtain physically relevant solutions
[9], detailed solutions with energy transfer [10,11], and of course
on the important current issues of cosmic acceleration, dark mat-
ter and dark energy [12].
It is therefore important to understand the nature of ﬁnite-
time singularities that may develop in cosmological models with
interacting ﬂuids. Such an understanding will complement current
studies of such models which focus on other issues and may also
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these models. As this issue has not, to the best of our knowl-
edge, been pursued in a systematic way so far, it is the purpose of
this Letter to carry out the ﬁrst steps in providing the asymptotic
properties of the solutions in the neighborhood of a ﬁnite-time
singularity in cosmological models with two interacting ﬂuids. In
particular, we shall focus exclusively on a ﬂat FRW model contain-
ing two such ﬂuids and construct asymptotic solutions which have
the property to blow up at a ﬁnite-time singularity.
The asymptotic analysis of the solutions of the dynamical sys-
tem as the ﬁnite-time singularity is approached is carried out
here using the method of asymptotic splittings, cf. [13,14]. In this
method, the vector ﬁeld that deﬁnes the system is asymptotically
decomposed in such a way as to reveal its most important dom-
inant features on approach to the singularity. This leads to a de-
tailed construction of all possible local asymptotic solutions valid
in the neighborhood of the ﬁnite-time singularity. These provide in
turn a most accurate picture of all possible dominant features that
the ﬁeld possesses as it is driven to a blow up. For previous appli-
cations of this asymptotic technique to cosmological singularities,
we refer to [13,15].
The plan of this Letter is as follows. In the next section, we
write the basic equations describing a ﬂat FRW universe ﬁlled
with two interacting ﬂuids as a dynamical system and we are lead
to the asymptotic ﬁeld decompositions that will yield all possible
dominant features as the singularity is approached. In the follow-
ing sections, we present an analysis of the asymptotic properties of
the system generally divided into power-law, oscillatory and com-
plete solutions. We conclude with a discussion in the last section,
pointing into more general aspects of this problem.
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We consider a ﬂat FRW universe with scale factor a(t) contain-
ing two ﬂuids with equations of state
p1 = (Γ − 1)ρ1, p2 = (γ − 1)ρ2. (2.1)
The unit and sign conventions we use are those of Weinberg [16],
with 8πG = 1. The total energy–momentum tensor is given by
T (total)μν = T (1)μν + T (2)μν , (2.2)
with T (i)μν = (ρi + pi)uμuν + pi gμν , i = 1,2, with uμ = δμ0 , while
we assume that the two ﬂuids are not conserved separately, that
is T (1)μν ;ν = vμ = 0 and T (2)μν ;ν = −vμ , so that T (total)μν ;ν = 0.
The vector vμ describes the energy transfer between the two ﬂu-
ids. The time component of the conservation equation,
∇ν T (1)0ν = v0 (2.3)
(the spatial equations are trivial), becomes
−a3 p˙1 + d
dt
(
a3(ρ1 + p1)
)= a3v0, (2.4)
or
d
da
(
ρ1a
3)+ 3p1a2 = a3v0, (2.5)
or, ﬁnally,
ρ˙1 + 3H(ρ1 + p1) = Hav0, (2.6)
with H = a˙/a for the Hubble expansion rate, and similarly for the
second ﬂuid. In general, we envisage an interaction of the form
s ≡ Hav0 = −βHmρλ1 + αHnρμ2 , (2.7)
where the exponents m,n, λ,μ are rational numbers indicating
that between the two ﬂuids there is an exchange of energy that
depends nonlinearly on their densities and the Hubble rate. De-
pending on the signs of the constants α,β , the ﬂuids may ‘decay’
to each other transferring energy. Thus the evolution of this system
is governed by the equations
3H2 = ρ1 + ρ2,
ρ˙1 + 3HΓ ρ1 = −βHmρλ1 + αHnρμ2 ,
ρ˙2 + 3Hγρ2 = βHmρλ1 − αHnρμ2 , (2.8)
together of course with Eqs. (2.1). (The ﬁrst of these equations
(Friedmann equation) is obtained as in the single ﬂuid case, cf. [16,
p. 472], but with ρ = ρ1 + ρ2 and p = p1 + p2 in the expression
for the total energy–momentum tensor.)
Below we elaborate on the simplest case where the exponents
m,n, λ,μ are all set equal to one.1 This case corresponds to the
problem studied in [10,11], and it will be interesting to compare
certain of our results with theirs. However, our approach is com-
pletely different, the focus here being exclusively on the asymp-
totic approach to the singularities of these models. Setting all the
exponents m,n, λ,μ = 1 and renaming x = H , the system (2.8) be-
comes equivalent to the dynamical system
x˙ = y, (2.9)
y˙ = −Axy − Bx3, (2.10)
1 The previously introduced more general couplings in Eq. (2.7) correspond to
perturbations of this ‘standard’ case. It is not a priori obvious, however, that all such
perturbations are physically relevant or distinct.where A = α + β + 3γ + 3Γ , B = 3(αΓ + βγ + 3Γ γ )/2. This de-
ﬁnes the vector ﬁeld
f (x, y) = (y,−Axy − Bx3). (2.11)
The method of asymptotic splittings developed in [13,14] scruti-
nizes all possible modes that the vector ﬁeld (2.11) attains on ap-
proach to the ﬁnite-time singularity2 located at t = 0. These modes
correspond to the different ways that (2.11) splits as t → 0. For the
case we consider, the possible asymptotic modes are given by the
following three distinct decompositions:
f (1) = (y,−Axy − Bx3) (all-terms-dominant case), (2.12)
f (2) = (y,−Axy), (2.13)
f (3) = (y,−Bx3). (2.14)
Each one of the three decompositions (2.12)–(2.14) into which
the vector ﬁeld (2.11) splits, contains different dominant balances
that describe the precise ways into which the dynamical system
is driven asymptotically as we approach the singularity. These bal-
ances are in general non-unique. By further analyzing the balances
of each particular decomposition, we are led to the construction of
a number of possible asymptotic formal series valid locally in the
neighborhood of the singularity, or in the neighborhood of inﬁnity
(the latter correspond to the behaviour of the system away from
singularities, describing all possible complete solutions). From a
close examination of the form of these asymptotic representations,
we can obtain valuable information about the genericity of the
asymptotic solutions, the stability/attractor properties of dominat-
ing solutions in the developments, and other precise information
most valuable to create a detailed shape of the asymptotic evo-
lution. We shall brieﬂy comment on possible more general forms
derived from the system (2.8) in the last section.
3. Power-law solutions, the δ→ 0 attractor
We start here our analysis of the possible asymptotic solutions
towards the ﬁnite-time singularity of the system (2.8) by searching
ﬁrst for power-law-type solutions. The ﬁrst such solution we give
in this section is the simplest and perhaps the most important of
them. Let us take the second decomposition
f (2) = (y,−Axy), (3.1)
and look for the possible dominant balances, by substituting in the
system (x˙, y˙)(t) = f (2) the forms
x(t) = θt p, y(t) = ξtq, (3.2)
where the coeﬃcients Ξ ≡ (θ, ξ) ∈ C, while the exponents p ≡
(p,q) ∈Q. This leads to the unique balance
B(2)1 = [Ξ ,p] =
[
(2/A,−2/A), (−1,−2)], A = 0. (3.3)
The candidate subdominant part f (2,sub) = (0,−Bx3) of the vector
ﬁeld f (2) satisﬁes
f (2,sub)(Ξtp)
tp−1
≡
(
0,
−8Bt3p
A3tq−1
)
=
(
0,
−8δ
A
)
. (3.4)
Here we have utilized the Barrow–Clifton parameter [10]
2 By a solution with a ﬁnite-time singularity we mean one where there is a time
at which at least one of its components diverges. We note that the usual dynamical
systems analysis through linearization, etc., is not relevant here, for in that one
deals with equilibria, not singularities.
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A2
, (3.5)
that will play an important role in the following. There is no way
for the vector ﬁeld f (2,sub) to be subdominant asymptotically in
the sense that
f (2,sub)(tp)
tp−1
→ 0, as t → 0, (3.6)
unless we set
δ = 0. (3.7)
Otherwise the decomposition f (2) would not be acceptable asymp-
totically. This means that in order to satisfy this constraint, the
subdominant part has to be vanishing. We take in this case the
subdominant exponent q to be equal to one, cf. [13].
Next we calculate the Kovalevskaya matrix (K-matrix in short),
given by
K= Df (2)(Ξ) − diag(p), (3.8)
where Df (2)(Ξ ) is the Jacobian matrix of f (2) , at Ξ , which in our
case reads:
K(2) =
(
1 1
2 0
)
. (3.9)
The next step is to calculate the K-exponents for this balance.
These exponents are the eigenvalues of the K matrix and con-
stitute its spectrum, spec(K(2)). The arbitrary constants of any
(particular or general) solution ﬁrst appear in those terms in
the asymptotic solution series whose coeﬃcients ck have indices
k = s, where  is a non-negative K-exponent. The number of
non-negative K-exponents equals therefore the number of arbi-
trary constants that appear in the series expansions. There is al-
ways the −1 exponent that corresponds to an arbitrary constant,
the position of the singularity (here at t = 0 for notational conve-
nience). If the balance B(2)1 is to correspond to a general solution,
then it must possess a non-negative K-exponent (the second arbi-
trary constant is the position of the singularity). Here we ﬁnd
spec
(K(2)1 )= {−1,2}, (3.10)
so that B1 indeed corresponds to a candidate general solution.
Substituting the series expansions
x =
∞∑
j=0
c j1t
j−1, y =
∞∑
j=0
c j2t
j−2, (3.11)
in the system (2.8) and after some manipulations to determine the
coeﬃcients of the expansions recursively, we arrive at the follow-
ing asymptotic solution around the singularity:
x = 2
A
t−1 + c21t − A
10
c221t
3 + · · · , (3.12)
while the y expansion is obtained from the above by differentia-
tion. Note the arbitrary constant c21 appearing in this expansion
signifying that this representation corresponds to a general solu-
tion (we need two for this, the second is the arbitrary position of
the singularity).
As a ﬁnal test for admission of this solution, we use the Fred-
holm alternative to be satisﬁed by any admissible solution. This
leads to the following compatibility condition for the positive eigen-
value 2 and an associated eigenvector, v2 = (1,1):
v	2 ·
(
K− j I
)
c j = 0, (3.13)swhere I denotes the identity matrix, and we have to satisfy this at
the j = 2 level. This gives
c21 = c22, (3.14)
and this is indeed true as found previously in the recursive calcu-
lation. It follows from Eq. (3.12) that all solutions are dominated
by the x = H ∼ 2A t−1 solution, that is the solution
H ∼ 2
A
t−1, or a(t) ∼ t2/A, (3.15)
is an attractor of all smoothly evolving solutions at early times,
assuming the weight-homogeneous f (2) decomposition asymptoti-
cally.
A comment about the results of [10] is in order. They ﬁnd that
at early times the attractor solution takes the form:
aBC(t) ∼ t−2/
√
A2−8B , as t → 0, (3.16)
whereas we ﬁnd the form (3.15). In terms of the parameter δ de-
ﬁned in (3.5), their solution (3.16) is given by
aBC(t) ∼
(
t−2/|A|
)1/(1−8δ)1/2
, δ ∈ [0,1/8), (3.17)
and we see that our solution (3.15) includes the δ = 0 member
of the one-parameter family of δ-solutions of the form (3.17). To
enable the comparison, we note that when A < 0 in (3.15) we have
that our solution goes as t−2/|A| , and so the Barrow–Clifton family
is asymptotic to our solution,
aBC(t) → t−2/|A|, as δ → 0 (3.18)
(in this case, the exponent of the aBC(t) solution in (3.17) tends
to 1). This result means that one branch of our solution (3.15) rep-
resents a limit function for the Barrow–Clifton family of δ-solutions
(3.17). Since for the validity of the f (2) decomposition asymptot-
ically we were forced to take δ = 0, we arrive at the interesting
conclusion that the Barrow–Clifton solutions (3.16) are all domi-
nated by the solution (3.15) in this case.3
4. Phantom singularities
Let us move on to the asymptotic analysis of the decomposi-
tion f (3) = (y,−Bx3). There are two possible balances here but
only one is of interest for the power-law solutions of this section
(we analyze the second balance together with other oscillatory so-
lutions in Section 6). Substituting in the system (x˙, y˙)(t) = f (3) the
forms (3.2), we ﬁnd that this balance is given by
B(3)1 = [Ξ ,p] =
[
(±√2/ − B,∓√2/ − B ), (−1,−2)], B < 0
(4.1)
(the two branches give analogous results as we shall see). The can-
didate subdominant part f (3,sub) = (0,−Axy) of the vector ﬁeld
f (3) satisﬁes
f (3,sub)(Ξtp)
tp−1
≡ (0,−Aθξ) = (0,0), (4.2)
i.e., it vanishes only when we set A = 0, θ, ξ = 0. We note that the
balance B(3)1 corresponds to the limit
3 We will comment later on the δ = 1/8 limit of the δ-parametric family of so-
lutions. For the moment we note that as it is expected from (3.17), as δ → 1/8 all
these power-law solutions for small t will tend to zero (except of course for pos-
sible particular exact solutions, those with a smaller number of arbitrary constants
than the general solution) and hence are expected to lose their signiﬁcance asymp-
totically (this is like taking the limit limk→+∞ ck = 0, with c ∈ (0,1)).
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we expect that it refers to different parts of the δ-family of solu-
tions than previously.4 With the Kovalevskaya matrix of this bal-
ance having
spec
(K(3)1 )= (−1,4), (4.4)
we ﬁnd after some manipulation that the series expansion corre-
sponding to this case is given by the form
x = ±
√−2
B
t−1 + c41t3 ∓ B
12
c241
√−2
B
t7 + · · · , (4.5)
while the y expansion is obtained from the above by differentia-
tion.
We note here that although the dominant term in this expan-
sion is the same as in (3.12), the whole formal expansion is a
different one. The arbitrary constant c41 appearing in the series
(4.5) signiﬁes that this representation corresponds to a general so-
lution. Indeed, this becomes true since the compatibility condition
for the positive eigenvalue 4 (with an associated eigenvector say,
v2 = (1,3)),
v	2 ·
(
K− j
s
I
)
c j = 0, (4.6)
at the j = 4 level gives
3c41 = c42, (4.7)
and this is true as it follows from the recursive calculation.
It follows from Eq. (4.5) that assuming the weight-homogeneous
f (3) decomposition asymptotically, all solutions dominated by the
balance B(3)1 (that is, those included in the family deﬁned by (4.5))
are attracted on approach to the singularity by the asymptotic so-
lution x = H ∼ 2−B t−1. That is, the dominating solution
H ∼ 2−B t
−1, or a(t) ∼ t−2/B , (4.8)
is an attractor of all smoothly evolving ‘phantom’ solutions at early
times. Other solutions, dominated by the second balance of this
decomposition, are elucidated in the next section.
5. Decaying cosmologies and the borderline case
We now focus on the asymptotic analysis of the all-terms-
dominant case, that is the decomposition f (1) = (y,−Axy − Bx3).
The subdominant vector ﬁeld is the zero ﬁeld in this case, and
there are two balances:
B(1)1 =
[(
A + √A2 − 8B
2B
,
−A − √A2 − 8B
2B
)
, (−1,−2)
]
, (5.1)
B(1)2 =
[(
A − √A2 − 8B
2B
,
−A + √A2 − 8B
2B
)
, (−1,−2)
]
. (5.2)
Our analysis closely monitors the different values δ may take and
we focus in this section exclusively on power-law solutions, leaving
the treatment of cyclic solutions for the next section. Regarding the
ﬁrst balance of the f (1) decomposition, the Kovalevskaya matrix is
given by
K(1) =
(
1 1
−μ + 6 −μ2 + 2
)
, where μ = 1+
√
1− 8δ
δ
, (5.3)
4 Indeed, this range of δ means that the ﬂuid parameters Γ,γ cannot be positive
simultaneously (this is shown in detail in Ref. [10]), hence the title of this section.and we ﬁnd
spec
(K(1)1 )=
(
−1, −μ + 8
2
)
. (5.4)
As in this section we restrict attention to power-law asymptotic
solutions, we examine the case δ = 1/8. Then we ﬁnd
spec
(K(1)1 )= (−1,0), (5.5)
with corresponding eigenvector
uT2 = (1,−1). (5.6)
The solution of the system is particular (only one arbitrary con-
stant, cf. [13,14] for this terminology) and is given by
x ≡ H = 4
A
t−1, or a ∼ t4/A . (5.7)
We notice the two branches of this solution, one describing uni-
verses collapsing to zero size asymptotically (A > 0), and the other
ending at a big rip singularity (A < 0).
For the speciﬁc case δ = 1/8, we note the general solution
found in [17] is given by
H2 = a− A2 (c3 + c4 lna). (5.8)
If we set c4 = 0, then this is the same as the one-parameter solu-
tion (5.7) found above. An exact solution identical to our solution
(5.7) was also found in [10].
For the second balance of f (1) decomposition, power-law solu-
tions can be found for δ = 1/8 as well as for the standard ‘decaying
ﬂuid’ range 0< δ < 1/8. The Kovalevskaya matrix is given by
K(1)2 =
(
1 1
φ + 6 φ2 + 2
)
, where φ = −1+
√
1− 8δ
δ
, (5.9)
with eigenvalues
spec
(K(1)2 )=
(
−1, φ + 8
2
)
. (5.10)
Further, we notice that the case δ = 1/8 of this second balance has
the same eigenvalues, eigenvectors and solution as the ﬁrst balance
of this decomposition. These are
spec
(K(1)2 )= (−1,0), (5.11)
with corresponding eigenvector
uT2 = (1,−1), (5.12)
and solution
x = 4
A
t−1. (5.13)
Let us now turn to the behaviour of the asymptotic solutions with
standard decay, that is for 0< δ < 1/8. For deﬁniteness, we choose
the value δ = 1/9. Then
spec
(K(1)2 )= (−1,1), (5.14)
with corresponding eigenvector
uT2 = (1,0). (5.15)
After further manipulations, we ﬁnd that in the asymptotic ex-
pansion arbitrary coeﬃcients are expected to be in the places c11
and c12, but from compatibility condition we have c12 = 0, giving
therefore a solution with the correct number of arbitrary constants.
The ﬁnal solution is a general one and reads
x = 3 t−1 + c11 + A c211t + · · · . (5.16)A 3
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a ∼ t3/A, (5.17)
in accordance with the family found in [17] (for δ = 1/9), that is
[
a
a0
] A
3
= 1+ C5t + C6t2, (5.18)
and it is also the member given in [10] for δ = 1/9.
6. Anti-decaying, cyclic and complete universes
This section collects together all those cases where the asymp-
totic solution shows a qualitatively different character than that
considered so far. The f (3) decomposition gives imaginary solu-
tions for B > 0. There are two balances:
B(3)1 =
[
(i
√
2/B,−i√2/B ), (−1,−2)], (6.1)
B(3)2 =
[
(−i√2/B, i√2/B ), (−1,−2)]. (6.2)
Upon considering the subdominant part, in the case B > 0 we ﬁnd
that this decomposition is asymptotically acceptable only if A = 0,
therefore when
δ → ∞.
The eigenvalues of the Kovalevskaya matrix are for both balances
given by
spec
(K(3)1 )= spec(K(3)2 )= (−1,4), (6.3)
with corresponding eigenvector
uT2 = (1,3). (6.4)
The coeﬃcients c41, c42 are expected to be arbitrary and the com-
patibility condition ﬁxes one of them in terms of the other, 3c41 =
c42. The ﬁnal solution is given by the expansion
x = ∓i√2/Bt−1 + c41t3 ∓ i B
12
√
2/Bc241t
7 + · · · . (6.5)
This solution has δ → ∞ and so it must belong to the family of
anti-decaying ﬂuids considered in [10]. It is interesting that asymp-
totically the scale factor turns imaginary, perhaps an indication
that the metric in this case becomes asymptotically Euclidean. In
this case we may consider as ‘physical’ that branch of the solu-
tion that S.W. Hawking would call ‘compact’, having zero size at
the singularity, cf. [18].
The f (1) decomposition, on the other hand, leads to a very
complicated singularity for δ > 1/8 for both remaining balances.
After setting δ = 1/2, we get
spec
(K(1)1 )= spec(K(1)2 )= (−1,3∓ i
√
3 ), (6.6)
with corresponding eigenvectors
uT2 = (1,2∓ i
√
3 ). (6.7)
For both balances, the second eigenvalue of the K-matrix has pos-
itive real part. The solution of the system then reads
x = 1± i
√
3
A
t−1, (6.8)
or, in terms of the scale factor we ﬁnd
a ∼ t 1±i
√
3
A . (6.9)
This deﬁnes a multifunction on approach to the t = 0 singular-
ity which is obviously a logarithmic branch point admitting noPuiseux series representation. In this case, the scale factor never
returns to its original value no matter how many times t loops
around zero.
Lastly, we give another sort of solution. When all the eigenval-
ues of the Kovalevskaya matrix are negative, the solution escapes
away from the singularity towards inﬁnity. For the f (1) decompo-
sition of the system, such a state appears when we examine the
ﬁrst balance with 0 < δ < 1/8. If we choose δ = 1/9, then
spec
(K(1)1 )= (−1,−2), (6.10)
with a corresponding eigenvector
uT2 = (1,−3). (6.11)
To construct a suitable expansion for this case, we need to take the
multiplicative inverse5 to be equal to one, s = −1, and the coeﬃ-
cients c21, c22 are arbitrary. Following the method of asymptotic
splittings, we are led to the compatibility condition 3c21 = −c22,
and ﬁnally the asymptotic solution valid in the neighborhood of
inﬁnity:
x = 6
A
t−1 + c11t−2 + c21t−3 + · · · . (6.12)
This is a general solution valid away from any ﬁnite-time singular-
ity, showing a standard decay between the two ﬂuids.
7. Discussion
In this Letter we provided a demarcation of the singular phe-
nomena that emerge when we consider two interacting perfect
ﬂuids in a ﬂat FRW universe. We have examined what happens
when we take this system asymptotically to a ﬁnite-time singu-
larity. We have found a number of regimes described by different
asymptotic solutions — seven different behaviours in all.
There is an asymptotic solution that acts as an attractor, a limit
function to a wide family of solutions parametrized by the param-
eter δ. This solution is a member of a family of singular asymptotes
that has the same number of arbitrary functions as the general so-
lution, and attracts all these smoothly evolving solutions at early
times in the ‘direction’ δ → 0. There is an analogous behaviour for
the so-called ‘phantom’ regime of asymptotic solutions. There are
also decaying solutions collapsing to zero size, and decaying solu-
tions to a big rip singularity, but these are of less generality than
the afore-mentioned behaviour, valid for special values of δ. The
general solution towards the singularity with ‘standard decay’ (that
is in the range δ ∈ (0,1/8)) was also picked by our asymptotic
method, and it was constructed for a concrete parameter value.
We found solutions of the ‘anti-decaying’ type that approach the
ﬁnite-time singularity turning purely imaginary in the parameter
limit δ → ∞, these are perhaps more amenable to a quantum cos-
mological description. We also gave a very peculiar solution having
a log-type branch point singularity describing a ‘cyclic’ universe at
‘early’ times. Lastly, we have given the behaviour of solutions away
from singularities and towards inﬁnity.
The existence of the singular behaviours unraveled in this Let-
ter makes the dynamics of cosmologies with two interacting ﬂuids
especially interesting on approach to their singularities, and the
singularity in such models deserves to be further studied. One as-
pect of the problem that is currently under study is whether these
forms of approach to the interacting ﬂuid singularities are stable
to perturbations of the m,n, λ,μ exponents away from the value
one we considered in this work. This may demand a reformulation
5 That is the least common multiple of the set of subdominant exponents and the
positive Kovalevskaya exponents, cf. [13,14].
S. Cotsakis, G. Kittou / Physics Letters B 712 (2012) 16–21 21of the problem using more suitable variables. Another important
issue that is also under examination is precisely how the inclu-
sion of curvature alters the behaviours found in the ﬂat case and
whether new and distinct forms are possible. We plan to return to
these more involved issues in the future.
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